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NONLINEAR EVOLUTION EQUATIONS AND PRODUCT
STABLE OPERATORS ON BANACH SPACES

BY
G. F. WEBB

Abstract. The method of product integration is used to obtain solutions to the
time dependent Banach space differential equation «'(¢) = A(¢)(u(2)), t =0, where A4 is
a function from [0, o) to the set of nonlinear operators from the Banach space X to
itself and « is a function from [0, ) to X. The main requirements placed on A are that
A is m-dissipative and product stable on its domain. Applications are given to a linear
partial differential equation, to nonlinear dissipative operators in Hilbert space, and
to continuous, m-dissipative, everywhere defined operators in Banach spaces.

1. Introduction. We consider the existence problem for the time dependent
nonlinear evolution equation

(LD w(t) = ADw@), tz0,

where A is a mapping from [0, o) to the set of (possibly nonlinear) operators on
the Banach space X and u is a function from [0, o0) to X. The linear equation (1.1)
has been treated by T. Kato [10], K. Yosida [20], J. Goldstein [8] as well as many
others. More recently such authors as T. Kato [11], J. Dorroh [7], and R. Martin
[13] have considered the nonlinear equation (1.1).

Previous authors have usually required a continuity condition on A(¢) as a
function in ¢. The main objective of this paper is to treat the existence problem for
(1.1) in cases for which such continuity conditions do not hold. We consider (1.1)
in the form u'(t)=F'(¢)A(t)u(t) where F is an absolutely continuous function from
[0, o) to the Banach algebra of bounded linear operators on X. The method used
to construct solutions is product integration. In §2 definitions are stated, in §3 the
main theorems are proved, and in §4 examples and applications are given.

2. Definitions. Let X be a Banach space, let B(X) be the Banach algebra of
bounded linear operators on X, and let N(X) be the set of mappings (possibly
nonlinear) from a subset of X to X.

DEerFINITION 2.1. A function F from [0, ) to B(X) is absolutely continuous
provided that if 0=u=v and ¢>0 there exists d>0 such that if {(s;, #,)}}-0 is @
sequence of disjoint intervals in [u, v] and 7., (s;—#) <d, then X7, | F(s)— F(8)|

Received by the editors June 1, 1970.
AMS 1969 subject classifications. Primary 3495, 3436; Secondary 3535, 3537.
Key words and phrases. Nonlinear evolution equation, product integral, m-dissipative

mapping, product stable operator, evolution operator.
Copyright © 1971, American Mathematical Society

409



410 G. F. WEBB [April

<c. The greatest such number d is the modulus of absolute continuity of F on [u, v]
with respect to c.

We remark that if F is an absolutely continuous function from [0, o) to B(X)
and 0Su<v, then Fis of bounded variation on [u, v], i.e., there is a number N such
that if {s;}7_, is a chain from u to v then >?_; |F(s)— F(s;-,)|| £ N and the least
such number N is denoted by [, |dF|.

DEFINITION 2.2. Let 4 € N(X) and let F be a function from [0, 0) to B(X).
Define 4 to be m-dissipative with respect to F provided that if 0<s<¢ and
D, q € domain A4 then the following hold:

2.1 I(I—(F(2)— F(s))A)p—I—(F(t)—F(s))A)q| 2 |p—4l,
2.2) range (I—(F(t)— F(s))A4) =

Note that (2.1) and (2.2) imply that for 0<s<t, (I—(F(t)— F(s))A) is one-to-one,
(I—(F(t)—F(s))A)~* is defined on all of X, and if p, g € X, then

23) I~ (F@)—F(s)A)~'p—(I—-(F()—F(s)A4)q| < |p—q|.

DEFINITION 2.3. Let F be a function from [0, o) to B(X) and let 4 be a function
from [0, 0) to N(X) such that A(¢) is m-dissipative with respect to F for t=0. If
0<u=wvand s={s}}-, is a chain from u to v, denote (I—(F(s;) — F(s;-1))A(s;-1)) !
by [4, F,s] and denote [Tf-;[4, F,s] by [ [4, F]1 (where []i-; [4, F, s]
=[A, F, s,][A4, F, s,_.]- - - [4, F, s5,] and the product operation is composition of
mappings). Suppose that pe X, 0<u=<v, and z is a point of X such that if ¢>0
there exists a chain s from u to v such that if ¢ is a refinement of s then
|z—TT: [4, Flp| <c. Define z to be the product integral of A with respect to F for
p from u to v and denote z by [ ]y [4, Flp.

DErFINITION 2.4. Let 0Su=<v. A sequence of chains {s(1)J}iLe, {s(2)}iZ0,...
from u to v is said to be admissible provided that if n is a positive integer then the
following hold:

(1) s(n+1) is a refinement of s(n),

(2) either max {s(n),—s(n);—, | 1 Si<r,}<1/nor if s(n),—s(n),_, > 1/n for some
integer j in [1, r,], then for every integer m > n there is no point s(m); of {s(m)}i=,
such that s(n),;_, <s(m); <s(n);.

DEFINITION 2.5. Let A be a function from [0, c0) to N(X), let F be a function
from [0, o0) to B(X), and let E< X such that (1) A(¢) is m-dissipative with respect
to Ffor 120, (2) ESdomain A(¢) for =0, and (3) (I—(F(t)— F(s))A(s))"Y(E)<E
for 0=<s<t. We define A4 to be product stable with respect to F on E provided that
the following are true:

(2.4) If p € E and 0=v, then there is a positive number M (F, p, v) such that if
0=u=<x=y=vand sis a chain from u to y then | A(x) [; [4, Flp| £ M(F, p, v).

(2.5) If pe E, 0= v, and ¢ >0, there exists d> 0 such that if 0< y<d, s is a chain
from v to v+y and vSxSv+y, then |A(x) [1; [4, Flp—A@)p| <c.
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(2.6) If pe E, 0su=<v, and s(1), s(2), ... is an admissible sequence of chains
from u to v such that lim,_, o [ sy [4, F]p exists, then lim,_, , [ Tsw [4, Flp € E.

3. An existence theorem. With the definitions above we state the following
theorem:

THEOREM 3.1. Let A be a function from [0, ) to N(X), let F be an absolutely
continuous function from [0, o) to B(X), and let E be a subset of X such that
(I) A(¢) is m-dissipative with respect to F for t20.
(II) Ecdomain A(¢) for t=0.
(IT1) E is invariant under (I—(F(t)— F(s))A(s))~* for 0<s<t, i.e.,

(I—(F(®)—F(s)A(s))""(E) < E.

(IV) A is product stable with respect to F on E.
Ifpe Eand 0Zu=v then [ I3 [A4, Flp exists and [ ]3[4, Flp € E.

Examples satisfying (I)-(1V) are given in §4. Theorem 3.1 will be proved by means
of a sequence of lemmas each of which is under the hypothesis of the theorem.

LeMMA 3.1. Let pe E, let 0Su=v, let {s;}}-, be a chain from u to v, and let
M(F, p, v) be the positive number as in (2.4). If 1 <j<nand z=T1{z} [A, F, s]p, then

a.1) n [4, F, s]z—z = 2 (F(s)—F(s-)AGi-) [ T[4, F, 8]z,

k=7
and

ﬁ [A4, F, 5]z—z

i=4

3.2

< M(F, p, ) 2 1F@)—F(si-o)]-

Proof. To establish (3.1) we see that

[T Fsl—z=3 [H 4, F,sJz-] 14, F, sklz]
i=1

i=4 Lk=j k=1

= 3 (F@) - F-DAG-) [T 14, F s

k=4

Then (3.2) follows immediately from (3.1) and (2.4).
We require now the following definitions: Let #=0 and define

Q. = {K < [u,©) | ue K, K is bounded, every nonempty sub-
3.3) set of K has a smallest number in X, and if {x;}{>, is an
infinite increasing sequence in K then lim {x;}, ¢ K}.

IfKe Q,and x>ulet K,={ye K| y<x}andif Ke Q,let K'={x | x s the limit
of an infinite increasing sequence in K}. We remark that if K € Q, then K’ is closed
and countable.
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LEMMA 3.2. Let u=0, let Ke Q,, and let v=sup K. There is a sequence of chains
{s()J0, {s(2)}*20, - . . from u to v such that for each positive integer n:

(3.4) s(n+1) is a refinement of s(n).

(3.5) If1Si<my, then s(n),€ KU K’; if s(n); € K, then s(n), is the first point of K
which follows s(n),_,; if s(n);€ K’, then s(n);_, € K; and 3; smyex |s(m)i—s(n);—1|
< min {b,, 1/n} where b, is the modulus of absolute continuity of F on [u, v] with
respect to 1/2",

Moreover, if p € E there is a unique point z of E such that if s(1), s(2), ... is any
sequence of chains from u to v satisfying (3.4) and (3.5) then [, [4, Flp,
[1se) [4, Flp, ... converges to z.

Proof. The sequence of chains s(1), s(2), ... satisfying (3.4) and (3.5) exists by
virtue of the covering theorem and the fact that X’ is closed. Suppose now that
{s(D}Mo, {s(2)}"2,, . . . is any sequence of chains from u to v satisfying (3.4) and
(3.5). Let p € E, let n be a positive integer and let {w;}7"*, be an increasing sequence
such that wo=0, wn, =m, ., and if i is an integer in [1, m,] then s(n);=s(n+1),,.
If i is an integer in [1,m,] let Ki=[I{t,, _,+1[4, F,s(n+1);] and let J,
=T1i-, [4, F, s(n),]. Noting that if s(n); € K, KJ;_,p=J,p, we see that

[ 114 Flp=] 14, Flp

s(n+1) s(n) "

| &[T 11, ]|

> |Kdi-ip=dip]  (by (2.3)

i=1

> |Kioip—dip

i,s(n)eK’

Z |Kidi-1p=Ji-1p | + | Ji-1p—[4, F, s(n)i}J; -1p|

1,8(n)eK’

IA

IA

wy

> |F(s(m+1))—F(s(n+1),-1)| M(F, p, v)

i,s(n)ieK’ [1 =wy-1+1

IA

[ F(s(r)) = Fls(n)e- )| MCE, p, v)]

' (by (3.2)
< (1/2*~YM(F, p, v).

Thus, [Tsq) [4, F1p, [ Tse [4, Flp, ... is a Cauchy sequence and so let z denote its
limit. We observe that s(1), s(2), ... is an admissible sequence of chains from u to
v (Definition 2.4) and so z € E by virtue of (2.6). To show that z is unique suppose
that each of s(1), s(2),... and #(1), £(2), ... is a sequence of chains from u to v
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satisfying (3.4) and (3.5). We see that there is a sequence s(n,), t(n), s(n3), t(ny), . . .
satisfying (3.4) and (3.5) and so [ I, [4, F1p, [ 1ss) [4, Flp, ... and [, [4, Flp,
I'lie [4, Flp, ... must converge to z and the lemma is proved.

We will need the following notation: Let the unique point z of Lemma 3.2 be
denoted by z(K, p). Suppose now that pe E, u=0, K€ Q,, v=sup K, and ¢>0. By
(2.5) there exists d>0 such that if O<y=d, s is a chain from v to v+y and
v=x=Zv+y, then |A(x) [, [4, Flz(K, p)— A(v)z(K, p)|| <c. Let d(K, p, ¢) denote
one such number d. If p € E, u=0, and ¢ >0 define

(3.6) A(p,u,c)={Ke Q,|ifq # ue K then g = sup K, +d(K,, p, ¢)}.

We remark that if K€ A(p, u, ¢) and g#u € K then K, € A(p, u, ¢). Further, if K
and J are two members of A(p, u, ¢), then there exists g € K such that K,=J or
q € J such that J,=K.

LemMa 3.3. Ifpe E,0=Su=v, and ¢ >0, then there exists K € A(p, u, c) such that
vSsup K.

Proof. Assume that there exists no Ke A(p, u, c¢) such that sup K=v. Let
J=Ukeaw,u,cy K. We have then that J is bounded and further J e A(p, u, ¢). But
then J U {sup J+d(J, p, ¢)} € A(p, u, ¢) which implies that supJ+d(J, p,c)eJ
and so we have a contradiction.

LEMMA 3.4. Suppose p e E, uz0, and K € Q,. We have the following

() If geK, q#u, and v=sup K,, then (I—(F(q)—F@))A®v)) *z(K,, p)
=z(K, Y {4}, p).

(i) If xeK, x#u, yeK', x<y, w=z(K, U {x},p), and J=K,—K,, then
z(K,, p)=2z(J, w).

Proof. To show (i) suppose that s(1), s(2), . . . is a sequence of chains from u to v
satisfying (3.4) and (3.5) of Lemma 3.2 for K. Then s(1) U {¢}, s(2Q) U {q},... isa
sequence of chains from u to g satisfying (3.4) and (3.5) of Lemma 3.2 for K, U {q}
and thus [Lowm 4, F1p, [ liouw [4, Flp, ... converges to z(K,V {q},p).
Further, [T, [4, Flp, [ s [4, Flp, ... converges to z(K, p) and so by the
continuity of (I—(F(q)— F(v))A(v))~* (see (2.3)) we have (i).

To show (ii) suppose that s(1), s(2),... is a sequence of chains from u to x
satisfying (3.4) and (3.5) of Lemma 3.2 for K, U {x}. We note that J € Q. and so
let ¢(1), ¢(2), ... be a sequence of chains from x to y satisfying (3.4) and (3.5) of
Lemma 3.2 for J. Define r(n)=s(n) U t(n) for each positive integer n. Then a
subsequence r(n,), r(ny), . .. of r(1), r(2), ... satisfies (3.4) and (3.5) of Lemma 3.2
for K,. Thus [ ,n,, [4, F1p, [ Tingp [4, F1p, ... convergesto z(Ky, p), [ Tsn, [4, Flp,
[ Ling [4, Flp, ... converges to w, [ Ty, [4, FIW, [ Tsnyp [4, Flw, ... converges to
z(J, w), and hence z(K,, p)=z(J, w).
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LeMMA 3.5. Suppose p € E,0=Su=v, and c>0. There is a chain s from u to v such
that if t is a refinement of s then |[], [4, Flp—I1, [4, F]p| <c.

Proof. By Lemma 3.3 one of the following two cases must hold:

Case 1. There exists K € A(p, u, ¢) such that v=sup K.

Case 2. There exists K € A(p, u, c) such that v <sup K and there exists no g € K
such that v<g<sup K.

We first consider Case 1. Let s={s;}{*, be a chain from u to v=sup K such that if
iis an integer in [1, m] then s has the properties (a) if s, € K then s, is the first point
of K which follows s;_,; (b) if s;¢ K then s,€ K’ and s,_,€K; and (c)
Disiex’ |Si—8i-1| <b where b is the modulus of absolute continuity of F on [u, v]
with respect to c¢. Define {g;}/~, as follows:

qo = D,
3.7 qs = Z(Ks, U {s}, p) if s, e K,
4. = 2(K,,, p) if ;e K'.

We observe that if s; € K, i#0, then by Lemma 3.4(i) and (3.6) we have the
following:

q: = 2(K,, Y {51}, p)
(3.8) = (I—(F(sup K, +d(K,, p, ¢))— F(sup K, ))A(sup K,)) *z(K,, p)
= (I—=(F(s)— F(s:-1)A(5:-1)) " 'qs—1.

Further, if s;e K, i#0, r is a chain from s,_;, to y where s,_;<y<s,
and x € [s;_;, y], then by (3.6) we have that

(3.9) u A [T 14, Flgios— Asi-)gi-a| < .

If 5, € K’ we have by Lemma 3.4(ii) that
(3°10) qi = Z(Ksp P) = Z(Ks,'_Ks‘_p qi-l)'

Further, by using Lemma 3.1 and (c) above we have that

(3.11) ' >

i,8€K’

1_[ (4, Flgi-1—qi-1

(i)

S cM(F, p,v)

where r (i) is a chain from s,_, to s;, and

3.12) czx lg:—g:-1l =‘ZK |2(Ks,— K, _1s G1-1) — g1 -1
. +84€K’ »S{EK’

< cM(F, p,v).

Suppose now that t={t;}7_, is a refinement of s={s;}~ o, i.e., there is an increas-
ing sequence {w}{*, such that wo=0, w,=n, and if 1 <i<m then s;,=t,,. Define
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Ki=[1{tw,_,+1[4, F, t;]] for 1 £i<m. Then, using (3.8), (3.9), and (3.1) we see that

‘ ZK 1Kigi-1—a:l = ‘ Zx | Kigi-1—[4, F, s,]g;-1] (by (3.8))
= i EK (7= (F(s;) = F(si- ) A(si-1))Kigi -1 =i -1 | (by (2.3))
= [ l_l [4, F, tj]Qt—1—%-1]
i,si€K f=wj-1+1
—(F(s)— F(si-))A(si - DKigi -1
= 2, (F)—F(t-1)
81K l f=wy-1+1
9
X (A(ti—l) . ]_—_[ I[A: F, tk]‘]t—1—A(Sx-1)K4qt—1)
(by (3.1))
s 2 2 IF@&)-F-)
s
X ( A(t;—1)k_H I[A, F, t]gi-1— A(si-1)qi -1
+ A(St—1)41-1—A(Si—1)k_ 1—_[ ) [4, F, t)gi-1 )

v
<2 L IdF|  (by (3.9)).
Moreover, using (3.10), (3.11), and (3.12), we have that

z IKigi-1—a] = Z 1Kigi-1—qs-1ll + g1 -1 — 2(Ks, — K5, 5 9i-1) |

i,8i€K’ 1,84k’

< 2cM(F, p, v).

Thus,
m m m
“H[A, Flo—aa| =| 3 [HK,q‘-,— Tl K,q,”'
t i=1 =1 f=t+1
m
s Z [1Kigi-1—ai
(3.13) =1

z |Kig:-1—a] + Z I Kigi—1—:

1,81€K {,8i€K’

v
<2 f |dF || +2¢M(F, p, )
u

and noting that s is a refinement of itself we have the lemma established for Case 1
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Suppose now that Case 2 holds and Case 1 does not hold. Then, sup K€ K,
Ksup x € A(p, u, ¢), and sup (Ksup k) <v. Let q‘_‘z(Ksup x> p) and let w=sup (Ksup K)
and note that by (3.6) sup K=w+d (K, &, p, ¢). Further, let

r=(I-(F@)—Fw)AW))™*q.

In Case 1 (see (3.13)) we showed that there is a chain {s;}., from u to w such that if
t is a refinement of s then

(3.14)

[Tt F]p—q" < 2c( L"’ |dF |+ M(F, p, w)).

Define {s;}[;! by s;=s,if 0<i<mand s,,,,=v. Let {t}}_, be a refinement of s’ and
let z,=w. We have then that

n n

H [A’ F, ti] H [A’ F, tj]p_ ]_—Il [A, F, ti]q

i=k+1 isk+

=

”U [4, Flp—r

n

[T [4, F tlga— U~ (F@) - F(w))Aw))~*q

i=k+1

< 20(_[:0 |dF || + M(F, p, W))

+

T || (= (F()— Fw) A(w) H (4, F, tdq—qﬂ (by (3.14))

k+1

< 2([" laF1+ M p W)+ 3 IF@-FG)

i=k+1
x(

A(’i-l) I_[ [A, F, t!]q_A(W)q “

j=k+1

n

A(w)q—A(w) j]_-—_[ [A, F’ tj]q

=k+1

+

) e

< 2c( f " |dF] + M(F, p, w)) +2¢ fw |dF | (by (3.6)).

Thus, observing that s is a refinement of itself we have the lemma established for
Case 2.

We see then that if p € E and 0 Su=<v the product integral [ [} [4, F]p of 4 with
respect to F for p from u to v exists (Definition 2.3) by virtue of Lemma 3.5 and the
completeness of X. Further, it follows from (2.6) that [ ]3[4, F]p € E. Hence,
Theorem 3.1 is established. In [18] the author proved Theorem 3.1 in the special
case that A(t)=A is independent of ¢, F(t)=tI for t=0, and A4 is everywhere
defined and continuous on X. In Example 4.3 we will consider a problem similar
to this one in the time dependent case. Other authors, such as H. Brezis and
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A. Pazy [3], J. Mermin [14], and J. Neuberger [15] have obtained results similar to
Theorem 3.1. Recently, M. Crandall and T. Liggett announced in [4] the following
very general result in the time independent case: If A(t)=A4 is m-dissipative with
respect to F(t)=tI, t20, and p is in the domain of A4, then lim,_, , (I—(x/n)4)~"
exists for all x=0.

By virtue of Theorem 3.1 we state now the following definition:

DEFINITION 3.1. Let A4 be a function from [0, o) to N(X), let F be an absolutely
continuous function from [0, ) to B(X), and let FE be a subset of X such that
(D), (IT), (111), and (IV) of Theorem 3.1 hold. If 0 <u < v define the mapping U(v, u)
from Eto Eby U(v, v)p=T113 [4, Flp for each point p € E and call U the evolution
operator of A with respect to F on E.

One easily verifies that U has the following properties:

(3.15) U(u, u)yp=p for pe E and u=0.

(3.16) U@, w)p—U(v, uq| = || p—q| for p,qe E and 0=u=v (by Lemma 3.5
and (2.3)).

(3.17) U(v, w)U(w, w)p=U(v, u)p for pe E and 0Su<w=v (by Lemma 3.5).

(3.18) |U(v,wp—p| S M(F, p,v) [, |dF| forp e Eand 0Su=<v(by Lemma3.1).

We remark further that if 0<u=<v, then U(v, u) can be extended by continuity
((3.16) above) to the closure E of E.

In the discussion that follows we require that the function F from [0, o) to B(X)
can be represented as the indefinite Bochner integral of its derivative. For a treat-
ment of Bochner integration the reader is referred to [9]. We will use the following
facts:

(3.19) If Fis absolutely continuous and has a strong derivative F’ almost every-
where, then F can be expressed as the indefinite Bochner integral of F’ (see [9,
Theorem 3.8.6, p. 88]).

(3.20) If F' is Bochner integrable then |F’| is Lebesgue integrable and
lim,_o (1/R) [t*" |F’| = | F'(¢)| for almost all £20 (see [9, Theorems 3.7.4 and
3.8.5)).

THEOREM 3.2. Let A be a function from [0, ) to N(X), let F be an absolutely
continuous function from [0, ) to B(X), and let E< X such that (1), (I), (I11), and
(IV) of Theorem 3.1 are satisfied, and let U be the evolution operator of A with respect
to F on E. Further, let F have a strong derivative almost everywhere on [0, o). If
p € E and 0=<u then for almost all t=u

d*/dt U(t,u)p = F'*()A@)U(t, u)p.

Proof. Let pe E, 0=Zu, ¢>0 and 7= u such that F'*(¢) exists and

. t+h
tim ya [ 1P = IF @)L
h=0+ t
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There exists d>0 such that if 0<h <d then

(3.21) I(A/RF(@t+h)—FOI-F'*@)| < ¢,
1 t+h

(322 il IE < 1o

and if 0<h<d, sis a chain from ¢ to t+hA and x € [¢, t+ k] then

(3.23) \A(x) [ 114, F1U(, wyp— AU, u)pu <c (by (2.5)).
8

Let 0<h<d. There is a chain r={r}}-, from ¢ to ¢+ h such that

(3.24)

114, FIU(t, wyp— Ut +h, OU(, w)p “ < ch.
Then
|(/BIU(t+h, wyp—U(t, w)pl—F'* () A()U(t, wp|

< c+}ll

+|(1/B[F(t+h)— F()1A@)U(t, uyp—F'*()A@)U(t, wp|

S e+g| 3 FE)-Fr-)

[1‘[ [4, FIU(t, Wp— U1, u)p] — [F(t+h)— F(OIA®)U(t, w)p “

i
<[4 [Tt . rUG p - A0)UC, ] “

+|(/BEE+R)—FOl-F* ()] |ANOUE, wp|

(by G.1))

< o4} S IFe) - Foi_le+c| 40U wp) (by (3:21), (3.23))
h

— et c+e|AOUE, wp)

Ty
.7
Ti-1

1< (™ ,
se(t+z > [ IF1+140VG wpl
h {m]l Jri—y

l n
h i=1

= (144 [ 1P 1+ 140U a1

< c(1+|F'*@)|+1+|4A@Q)U@, wp|) (by (3.22)).

Thus, d*+/dt U(t, u)p=F'*(t)A(t)U(t, u)p and so the theorem is proved.
We conclude this section with the following theorem:

THEOREM 3.3. Let A be a mapping from [0, o) to N(X), let each of F and G be an
absolutely continuous function from [0, ) to B(X), and let E be a subset of X such
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that (1), (II), (I11), and (1V) of Theorem 3.1 are satisfied for both F and G on E. Let
Ur and Uy be the evolution operators of A with respect to F and G, respectively. If
peEand 0Su=v, then

(3.25) |Ur(e, i)p—Usto, wpl S M(F,p, ) [ 1=l

and if each of F and G can be represented as the indefinite Bochner integral of F' and
G', respectively, then

(3.26) |Ustv, 0p—Uelo, 0pl < MEp.0) [ IF'=G.

Proof. Let pe E, let 0<u=<v, let s={s;}}., be a chain from u to v, let
q:=ITi21 [4, F, s;]p for each integer in [2, n] and let g, =p. Then,

“1:1 4, Flo~T 1[4, Glp “
>[I 16 114 Eslp-TT14 G s1] |14, F sip] H
i=1 j=i =1

imllj=1+1

< D |4, F, slgi—[A4, G, silgi]
i=1

G2) = 3 IU—(Gs)—Glsi- N AGi-)As F. slai—ai]

i=

[

En: [((F(s) — F(si-1))— (G(s) — G(s: - D)) A(si - 1)[4, F, silaul

-
-

< 3 1)~ Fls1-) = (G5) = G-I, . )

< MEp0) [ 14E-0).

Thus, by Lemma 3.5 we have (3.25). Moreover, if F and G can be represented as the
indefinite Bochner integral of F’ and G’, respectively, then from (3.27) we have that

[ 114, Flp-T] 4, Glp “ < 2 I(F(s)— F(sy- 1)) — (G(s) — G(s:-)) | M(F, p, v)

IIA

v
MEp.0) [ IF-G.
Again, using Lemma 3.5 we have (3.26) and so the theorem is proved.

4, Examples. We first prove a theorem for the linear case that will be applied
to a linear partial differential equation.
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THEOREM 4.1. Let A be a closed, one-to-one, onto, linear operator defined on
D< X to X where X is a Banach space. Further, let Ax=>7%_, D;x for x € D, where,
Sfor each integer i in [0, n], D; is a closable linear operator on X and the domain of D,
contains D. For each integer i in [0, n] let F, be an absolutely continuous function from
[0, ©) to B(X) and define A(t)=A and F(t)=2}_, Fi(t)D;A~?* for all t=0. Let
E=Ny-, domain A" and require that the following are satisfied:

@.1) |d—F@)—Fs)A)pl z|pl for pe D, 0=s<1,

(4.2) range (I—(F(t)—F(s))A)=X for 0<s<t,

4.3) I—(F(t)—F(s)A) *Ap=A(I—(F(t)—F(s))A)"p forpe E,0<s<t.

Then, F is an absolutely continuous function from [0, ) to B(X) and conditions
(D), (I1), (III), and (IV) of Theorem 3.1 are satisfied.

Proof. We first show that F is absolutely continuous. Since 4~ is closed and
everywhere defined, we have that 4! is bounded by the closed graph theorem. For
each integer i in [0, n] there is a closed extension D; of D;. Then, D;4~1 is closed,
everywhere defined and thus bounded by the closed graph theorem. Moreover,
DiA~*=D,A"* and so F(t) € B(X) for t=0. If 0<s<t¢ then

IF()-F@)| < z VECt)— )] | DA~

and so F is absolutely continuous. We see that (I) is satisfied as a consequence of
(4.1) and (4.2), (1) is satisfied since A(t)=A for all t=0, and (III) is satisfied as a
consequence of (4.3). To show that (IV) is satisfied we first see that if p € E,
O0=<u<v, and s={s}/>, is a chain from u to v, then

V AT [ U~ F(s) = F(si-))A)-*p— Ap “

i=1

[T U—(F(s)— Fsi-)4)-*Ap— Ap H (by (4.3))

i=1

m

Z (H (I~ (F(s)— F(s,-))A) " Ap

7=i
(4.4) - 11 U~ 6)~ -0 )|
< 3 10-F6) - Fu-) ) o~ 4p] (by (4.1))

< z | 4p — (I~ (F(s)— F(s,- ) A)dp]

s ;1 1F(s)—F(si-0)| [ 4%].
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Thus, we have (2.4) and (2.5) by the absolute continuity of F. To show (2.6) suppose
thatpe E,0=u<vand {s(1)}iLo, {s(2):}i20, . . . is an admissible sequence of chains
from u to v such that lim,,, ,, [ Ty [4, F1p exists. We will use (4.3) and (4.4) to show
that if ¢ is a positive integer then lim,_, o, [ [s [4, F]4% exists. Suppose m, n are
positive integers such that m>n and let w be an increasing sequence such that
wo=0, w,, =rn, and if i is an integer in [0, r,] then s(n);=s(m),,. If i is an integer in
[1, r,] let Ki=T1¥Lw,_,+1 [4, F, s(m);] and let J;=[T}-, [4, F, s(n);]. Further, let
L={ie[l,r,]| wi—1+1#w}. Then, if q is a positive integer,

[ T4 F, S(m)JA“p—H [4, F, s(n)] A%

i=1

=] ] kKa%p—7,,4%

i=1

Tn

| Tn Tn
>, [l'I KJi 1A —

i=1Lj=1 j=i+1

K,J,qu]

Tn
< D |Kii-1 A%~ A%|

i=1

= > | KiJi-14%—[A, F, s(n),]J; 1A%
iel

< D U~ (Fs@)) — F(s()s- ) ADKJi- 1A —J; 1 4|

ieL

S [ Il [A,Rs(m),IJi-IAQp—Ji-IA“p]

iel j=wi-1+1

—(F(s(n))— F(s(n);-1))AK,J, -, A°p

w,

> F(s(m))—=F(s(m);-1)]

J=wj-1+

-3

iel

b
x [A [1 W~ s(m)li,-lAﬂp—-mAJf-lqu] ”
k=wj-1+1
(by (3.1))

s> 3 [yl

iel f=wj-1+

wy

x2 3 JFsm0-Fls(m-dl 147

k=wj-1+1

(by (4.4), (4.3), and (4.1)).

Then, using the absolute continuity of F, the fact that Fis of bounded variation on



422 G. F. WEBB [April

[, v], and the fact that s(1), s(2), . . . is an admissible sequence of chains from u to
v, we have that lim,,_, ,, [ Jom) [4, F]14% exists. Hence, by (4.3) and the fact that 4 is
closed we see that lim,_, o, [ [sn) [4, F]p is in domain A? for every positive integer
g and so (2.6) is established. Thus, (IV) is satisfied and the theorem is proved.

We shall apply Theorem 4.1 to the following linear partial differential equation:

ExampLE 4.1. Let X be the Banach space of continuous complex-valued
functions defined on (—o0, 00) and periodic with period 27 and let X have the
supremum norm. Let D be the set of members of X having a continuous second
derivative and define the operators Dy, D;, D, on D by Dyx= —x, D;x=x', and
Dyx=x" for x € D. Then, D,, D,, D, are closable linear operators on D and D is
dense in X. In Kato [10] (Theorem 6) it is shown that if p, g, r are real-valued 27
periodic functions on (—o0, c0) with continuous derivatives of second, first, and
zero order, respectively, p>0 on (—o0, ), r=0 on (—o0, ), and p”"—¢'—r<0 on
(— o0, ), then pD,;+qD; +rD, has the following properties:

(4.5) |(U~(pDy+qDy+rDo))x| 2 ||x| for x € D,

(4.6) range (I—(pDy+qD, +rDy))=X.

Define A= D,+ D, + D, with domain D. Then, —4=I—(D,+ D,) and so by
(4.5) and (4.6) A is one-to-one, onto and A4 is closed on D. Further,

E = F]l domain 4™ = {x | ¥X™ e X for every positive integer n}.
n=

Suppose that fi(z), i=0, 1, 2, are real-valued functions on [0, c0) such that f(¢)
is increasing and f(¢) is nondecreasing. Further, require that each of fi(¢), i=0, 1, 2,
is absolutely continuous. If =0 and xe X define (Fi(¢)x)(€)=f()x(¢),
fe(—,) and i=0, 1,2, and we see that Fi(t) is an absolutely continuous
function from [0, c0) to B(X). Define A(t)=A forall t=0and F(¢t)=332_, Fi(t)D,A~*
for all £=20. We see that if 0<s<¢ then |(/—(F(t)— F(s))A)x| 2 ||x|| for x in D by
(4.5) and range (I—(F(t)— F(s))A)= X by (4.6). Thus, (4.1) and (4.2) of Theorem
4.1 are satisfied. To show that (4.3) of Theorem 4.1 is satisfied we see that for x € E
and t>520

ACF(t)— F(s)Ax = (2 D()(EO(F;(t)—E(S))D;)x

i=0

= > > (F()-F{s)D.Dx

i=07=0

= jzo 2 (Ft)— F(s))D,;Dix

(3 @o-£onp)( 3 0>

= ((F(t) - F(s))A)Ax
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and so A(I—(F(t)—F(s))A)x=({I—(F(t)—F(s))A)Ax. Then, for xe E and
t>s520 we have that (I—(F(t)— F(s))4)'x € E and hence

(I—-(F(t)—F(s))A)~*Ax
= (I-(F()—F(s))A) AU - (F(t) - F(s) AU —(F(1) - F(s))A) ~*x
= (I—(F(t) - F(s)A) (- (F(t) - F(s)ADAUI— (F(t)— F(s))A)~'x
= A(I—(F(t)—F(s))A)~*x

and so (4.3) holds.

Then, we have by Theorem 4.1 that conditions (I), (IT), (IIT), and (IV) are satisfied
for A, F, and E defined as above. Moreover, since fi(¢), i=0, 1, 2, is absolutely
continuous, we have that for almost all ¢, if x € X and ¢ € (—o0, o0), then

(F'()x)¢) = ‘Zo S} DA™x)(E)

and so F has a strong derivative almost everywhere on [0, c0). Thus, by Theorem
3.1 the evolution operator U of 4 with respect to F exists on E= X and by Theorem
3.2if x € E and 0<u then for almost all t2u

88t U(t, u)x = F'*(t)AU(t, u)x.

Since the existence of the derivative in the norm of X implies the existence of the
derivative in the usual sense, we have established the following theorem:

THEOREM 4.2. Suppose that fo(t), f1(t), and f5(t) are real-valued absolutely con-
tinuous functions on [0, o) such that f,(t) is increasing and f,(t) is nondecreasing. Let
z be a continuous complex-valued function on (--co, ), 2 periodic, and infinitely
differentiable on (—oo, 00). If s20 there is a complex-valued function x(t, £) on
[s, 00) X (— 00, 00) such that x is 2w periodic and infinitely differentiable in ¢, x(s, £)
=2z(§) for all ¢ € (—0, ©), and for almost all t2 s

2
8+ x(t, )8t = > (fi*()8'x(t, /8¢
i=0
Moreover, x(t, §)=(U(t, s)z)(¢) for t=s and & € (— 0, ), where U is the evolution
operator of A with respect to F on E as in Example 4.1 above.

In order to apply Theorem 3.3 to this example we observe that for Dy, D;, D, A,
F, E defined as above the constant M(F, p, v) in (2.4) can be chosen as | 4p| for
each p € E (by (4.3) and (2.3)). Suppose that G is an absolutely continuous function
from [0, 00) to B(X) defined by gi(¢), i=0, 1, 2, in the same way that F is defined by
fi(t), i=0, 1, 2. Let Ur and Ug be the evolution operators for 4 with respect to F
and G, respectively; let zeE, 520, x(t,&)=(Us(t, 5)2)(¢), and y(t, &)=
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(Ua(t, s)2)(€) for t=s, £ € (—o0, ). Then, for ¢ € (—o0, 00) and almost all t2s,
2
xX(s,€) = 28),  8*x(t, §)/3t = > (fi*(1)x(t, §)/3¢,
i=0

y(s, &) = 2(8€),  8*y(t, /8t = ‘Zo (g ()8 (2, &)/8¢

and by Theorem 3.3

xt -3, ) = 1421 X, ([ 1) -gilar) 1Dt~

We next give a nonlinear example in the Hilbert space. For recent results in the
study of nonlinear dissipative operators in the Hilbert space the reader is referred
to M. Crandall and A. Pazy [5], J. Dorroh [6] and [7], H. Brezis, M. Crandall, and
A. Pazy [2], C. Pao and W. Vogt [17], and Y. Komura [12].

ExAMPLE 4.2. Let X be a real Hilbert space and let 4 be a (possibly nonlinear)
operator from a subset D of X to X such that A is m-dissipative on D, i.e.,

4.7 |U=24)p—I—24)q| 2 |p—q| for A>0, p,q € D,

(4.8) range (I—AA4)=X for A>0,
or, equivalently, 4 is m-dissipative with respect to F(¢)=t¢I, t=0 (Definition 2.2).
We will require the following facts shown in [18, Lemma 1.2]:

(4.9) If A is m-dissipative on D, p € D, and {s;}!., is an increasing sequence of
nonnegative numbers, then |[Tr.; (I—(si—s;-1)4) *p—p| =(s.—50)|4p| and
lATTi 1 = (si—s:i-)A) 'p| = [ 4p].

One can show that (4.7) and (4.8) imply that 4 is maximal dissipative on its
domain D, i.e., 4 is maximal with respect to the following property:

(4.10) (Ap—Aq, p—q) =0 for all p, g € D (see, for example, M. Crandall and A.
Pazy [5]).

We will also require the following facts shown in [5]:

(4.11) If A is maximal dissipative on its domain D, {x,}7-; is a sequence in D
converging to z, and {4x,}>-; is bounded, then z is in D.

(4.12) If A is maximal dissipative on its domain D, {x,}2-, is a sequence in D
converging to z, z€ D, and lim sup,_,« ||Ax,| £ |A4z|, then {4x,}7-, converges
to Az.

Let f be an increasing real-valued absolutely continuous function on [0, c0) and
define F(t)=f(t)I (where I is the identity in B(X)), A(t)=A for t=0, and E=D
=domain A. It is easily seen that conditions (I), (II), and (III) are satisfied for
A, F, and E. To show that condition (IV) is satisfied we first observe that (2.4) is
satisfied by virtue of (4.9). We will prove that (2.5) holds by an indirect argument.
Assume that there exists p € D, ¢>0, and =0 such that if »n is a positive integer
there is a chain s(n) from ¢ to t+d,, where 0 <d,<1/n, and |4 [T [4, Flp—Ap|
=c. By (4.9) we see that lim,_, [ [sm) [4, F]p=p and for each positive integer n
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we see that |4 [T [4, Flp| < |4p|. Then, by (4.12) {A [Tuw [4, F1p}i= con-
verges to Ap yielding a contradiction and hence (2.5) holds. To show that (2.6)
holds we let s(1), s(2), ... be a sequence of chains from u to v, 0 Su=<wv, such that
lim, . o [ Tsny [4, Flp exists. Then {4 [ Iy, [4, F]p}2-1 is bounded by (4.9) and so
lim, . o [ Isn [4, Flp € D=E by (4.11). Hence, (2.6) holds and condition (IV) is
satisfied. By Theorem 3.1 the evolution operator U of 4 with respect to F exists on
E and by Theorem 3.2 if p € E and 0<u then for almost all 1= u

d+]dt U(t, u)p = f'(1)AU(L, u)p.

In conclusion we give the following example in the case that A is nonlinear,
continuous, and everywhere defined:

ExAMPLE 4.3. Let X be a Banach space and let 4 be a function from [0, o) to
N(X) such that

(4.13) domain A(¢)= X for t=0.

(4.14) A is continuous as a function from [0, ©0) x X to X and A is bounded on
bounded subsets of [0, o) x X.

(4.15) A is m-dissipative with respect to F(¢t)=tI € B(X) for t=0.

Let E= X and we see immediately that conditions (I), (IT), and (III) are satisfied.
We will establish the following fact in order to show that condition (IV) is satisfied :

(4.16) If pe X, 0=u=wv, and s={s;}/, is a chain from u to v then

_ “ éz (si=si-1) | A(si-1)p]-

ili[A,F,s,]p—p ég ﬁ[ (4, F, sf]p—jfll 4, F, S:]PV
< 3 114, Fslo—pl
=§ 14, F, s1p—[A, F, ) (s~ ) A(s: - )|
< > G5l 4Gl

We see then that (2.4) and (2.5) follow from (4.14) and (4.15), and furthermore,
(2.6) is satisfied since E=X. Thus, conditions (I)-(IV) hold and we may apply
Theorems 3.1 and 3.2. By Theorem 3.1 the evolution operator U of A with respect
to F (F(t)=tI, t=0) exists on X and by Theorem 3.2 if p € X and 0=u, then for
tzu

d*[dt U(t,u)p = AQt)U(t, u)p.
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